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Abstract. We study boundary blow-up solutions of semilincar elliptic equa- 
tions Lu = with p > 1, or Lu = e"" with a > 0, where L is a second order 
elliptic operator with measurable coefficients. Several uniqueness theorems 
and an existence theorem are obtained. 



1. Introduction 

Let f2 be a bounded domain in R", where n > 2, and let dO, denote its boundary. 
We consider operators L of the form 

L = a'^ A, + bW, - c = a'^ix)—— + h\x)— - c{x) 

OXiOXj OXi 

whose coefRcients a*-' , 6*, c are assumed to be measurable functions on M" and satisfy 

(1) a}^=a^\ ^{h'f<K, 0<c<K 

i 

for some fixed constant K > Q. We also assume that the principal coefRcients a*-' 
satisfy the uniform ellipticity condition; i.e., there are constants < A < A < +oo 
such that for all a; G O, we have 

(2) Mir" <a''{xmj<m\ VeeM". 

Here and throughout the article, the summation convention over repeated indices 
is enforced. 

In this article, we study the problem 

(3) Lu{x) = f{u{x)) for x G rj, 

(4) u{x) "> +CXD as d{x) :— dist [x, dVL) 0, 

where f{t) — := {max(t, 0)}^ with p > 1, or f{t) = e"*. Solutions of the problem 
([3]), dH) are called boundary blow-up solutions, or large solutions. 

Problems of this type have been studied by many authors. Bieberbach (1916) 
considered the equation Am = e" when n = 2, in connection to a problem in 
Riemannian geometry. Later, Loewner and Nirenberg (1974) studied the equation 
Au = y(;+2)/("-2) (n > 2), which arises in conformal differential geometry. The 
problem Q, ([4]) is also related to probability theory. The equation Lu = u\, 1 < 
p < 2, appears in the analytical theory of a Markov processes called superdiffusions; 
see e.g. Dynkin (2002). By using the potential theory, Labutin (2003) recently gave 
a necessary and sufficient Wiener type condition for the existence of boundary blow- 
up solutions to Au = uF^ with p > \. 
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If the domain f2 is regular enough (e.g. Q satisfies an exterior cone condition), 
and if the coefficients a*-' are Holder continuous in H., then existence of classical 
solutions of the problem ^ can be established by the method of supersolutions 
and subsolutions together with uniform upper bound estimates of Keller (1957) and 
Osserman (1957). In fact, Keller and Osserman proved existence of boundary blow- 
up solutions of Au = f{u) for a much larger class of functions / including fit) — e' 
and f{t) = t^j^ with p > 1; see, e.g., the above references for the details. 

The question of uniqueness of boundary blow-up solutions has been studied by 
many authors. In the case when the domain Vl is smooth (e.g. Vl is of C^), Bandle 
and Marcus (1992, 1995) and Lazer and McKenna (1994) proved uniqueness of 
solutions of the problem of (l3|), ([4]) for a class of functions / including f{t) = 
with p > 1 by analyzing the asymptotic behavior of boundary blow-up solutions 
near the boundary. 

Uniqueness of boundary blow-up solution in non-smooth domains was also stud- 
ied by several other authors. Le Gall (1994) investigated the uniqueness of boundary 
blow-up solution of Am — in non-smooth domains by means of a probabilistic 
representation. Marcus and Veron (1993) proved the uniqueness of boundary blow- 
up solution of Au = in very general domains for all p > 1, using purely analytical 
methods. Quite recently, Marcus and Veron (2006) also proved the uniqueness of 
blow-up solutions for equation Au — f{u) in bounded domains Vl such that dVl is 
a locally continuous graph, with convex / satisfying the standard Keller-Osserman 
condition. 

In the main body of this article, we do not impose any regularity assumptions 
on the coefficients of operators L. In Theorem lS.ll we prove that if SI satisfies "the 
uniform exterior ball condition" (see below for its definition), then the problem ([3]), 
(|4]) with f{t) — t^j^ has at most one classical (or strong) solution. A similar result 
holds true for f{t) = e°* in a special case when £7 is convex. Also, in Theorem 13.41 
we show that if /(<) ~ with p S (1, 1 -I- where /j, = A/A > 1, and if Q, 

satisfies dVl — dH., then the problem ([3]), (|4]) has at most one classical (or strong) 
solution. For the same f(t), by assuming certain regularity of a'^, in Theorem 13.51 
we prove an existence and uniqueness result with p G (1, 1 + 7^32)- In a special case 
L = A, the results of Theorems 13.41 and 13.51 are contained in Marcus and Veron 
(1997), Veron (2001). 

Our uniqueness results are based on the iteration technique, which appears in 
the proof of Theorem 14. II For operators L with "good enough" (e.g. continuous) 
coefficients, one can also use another iteration method, introduced by Marcus and 
Veron (1998), with further development in Marcus and Veron (2004). In particular, 
they proved (Theorem 3.2 in Marcus and Veron, 2004), that there exists one and 
only one solution of the problem ([3]), ^ in the case n = 2, L ~ A, f{t) = e*, i9fi = 
dVL. We could not get this result by our method. Roughly speaking, we need 
the estimate e"^ < A^e"^ near dVi for any blow-up solutions ui and M2, while the 
method in Marcus and Veron (2004) uses a weaker estimate ui < Nu2 near dfl. 

The remaining sections are organized in the following way. In Section [21 we 
give deffnitions and state some preliminary lemmas. We state the main results in 
Section [3] and prove them in Sections [4] and [5l 
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2. Preliminaries 

Definition 2.1. We say that satisfies the uniform exterior ball condition with 
constants 6i E (0,1) and ri > 0, if for arbitrary x € dil and < r < ri, there 
exists a ball Bp{y) C Br{x) \ with p ~ Sir. 

Definition 2.2. We say that u E C^(r2) if u is twice continuously differentiable 
in n. We write u E Wj^'^(ri) (p > 1) if u is twice weakly differentiable and 

means that Q' is a bounded 

open set such that its closure fl' is a subset of f2. 

Definition 2.3. We say that u E Wi^"{fl) is a solution of Lu = g if Lu = g a.e. in 
n. Similarly, if w e W^^"{ fl), then Lu > g {Lu < g) in il means Lu > g (Lu < g) 
a.e. in f2. 

By Sobolev imbedding theorem, we can always assume that functions in VF;'^'"(f2) 
are continuous in SI. 

Lemma 2.4. Let f2 C K" he a hounded domain and let f he an increasing function. 
As.sume that u,v E (7^(0) (oru^v E ^^^'^{Vl)) satisfy Lu > f{u) and Lv < f{v) in 
fl. If lim inf a;^ao (u — u){x) > 0, then v > u in fl. 

Proof. Suppose, to the contrary, that there exists xq E SI such that u{xo) > v{xo). 
Then for sufficiently small e > 0, Sl^ := {u ~ v > e} ^ and fie C The 
function w := u — v — e > OinSlj, and w = on dfl^. Since / is increasing, 
Lw > f{u) — f{v) > in Slg. Then, the classical maximum principle (or Aleksandrov 
maximum principle) implies it; < in Sic; see e.g. Gilbarg and Trudinger (1983). 
This contradiction proves the lemma. □ 

Lemma 2.5. Let ncR" he a bounded domain. If w E C^i^) (or w E W^^"{n)) 
satisfies Lw > in a non-empty subset Q' ~ {x E Q : w{x) > 0}, then 9Sl'n9S7 =^ 0. 

Proof. Otherwise, dfl' C SI, so that S7' d SI and w = on 9S7'. Proceeding as in 
the proof of Lemma [2.41 we get a contradiction. □ 

Lemma 2.6. Let Q ^ {x E R"- : a < \x\ < b}, where < a < b < oo. If u{x) = 
^{\x\) for some function Lp : {a,b) — > R, then, the Hessian D^u{xq) has eigen- 
values >f"(r) with multiplicity 1 and ip'(r)/r with multiplicity n—1, where r = \xo\. 
Therefore, if ip" > and ip' < 0, then 

(5) a'W,,u{xo) = tr(A • D^u{xq)) > Xip"{r) + ili^-ll^<^'(r) 

r 

for any symmetric matrix A = {a*-'} whose eigenvalues belong to [A, A]. 

Proof. It is a straightforward computation. □ 

3. Main results 

Our first two results are about the uniqueness of solutions under the general 
assumption that the coefficients a*-' , 6%c are measurable functions satisfying ([1]), 
©• 

Theorem 3.1. Let f(t) = with p > 1. Assume that ^ is a bounded domain 
satisfying the uniform exterior ball condition. Then there exists at most one C^(S7) 
(orW^^^in)) solution of the problem ©,(111). 
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Theorem 3.2. Let f{i) = e°* with a > 0. Assume that VL is a bounded convex 
domain in M", n > 2. Then there exists at most one C^{n) (orW^^^ifl)) solution 
of the problem 

Remark 3.3. Notice that if u is a solution to Lu = e"" in 57, then v{x) := au{xl ^/a) 
is a solution to 

a}^ DijV + y-D^v ~ cv = e" in ^/afl, 

where 

a'-^x) = a''^ (x/^/a), b^{x) = b'' {x / ^/a) / ^/a, c{x) = c{x/^/a)/a. 
Therefore, without loss of generality, we shall always assume a = 1 in the sequel. 

In the next two results, we treat the problem Q with f{t) — t^ in more 
general bounded domains C M". In the case L = A, these results are known 
from Marcus and Veron (1997), Veron (2001). 

Theorem 3.4. //p G (1, 1 + ^(„-i)-i )' "^here /i = A/A > 1, and dfl — dfl, then 
there exists at most one C^{n) (or Wi^^in)) solution of the problem dH. 

Theorem 3.5. Suppose that p G (l,oo) when n ^ 2, and p G (1, ;7^) when n>3. 

i) If a^^ (x) are uniformly continuous in a neighborhood of dfl, and dCl — dQ, 
then there exists at most one solution of the problem ([3]), (|4]). 

a) If a^^ are Holder continuous in 17, i.e. a^^ G C(r2) for some (3 G (0, 1), then 
there exists at least one solution of the problem ([3]), 

Remark 3.6. One can see from the proofs in the following two sections, that the 
boundedness assumption of 6*(x) and c{x) can be replaced by 

\b\x)\ = oid-^x)), < c{x) = o{d-^{x)). 

Also, the uniform ellipticity of the principal coefficients a*-' is required only near 
the boundary dVL, as long as the weak maximum principle is valid in the entire 
domain 57. Furthermore, if the boundary is smooth (say C^), it suffices to have L 
to be nondegenerate only in the normal direction near the boundary, i.e. there is 
a 5 > such that for any Xq G 957 we have a^^ViVj > A in Bs{xq), where v is the 
unit normal direction of 957 at a;o- 

Remark 3.7. Without much more work, Theorem l3.1[l3.2l and l3.4l can be extended to 
fully nonlinear elliptic equations F[u\ = u^j^ (or e"), where F[u\ = F{x, u, Du, D^u) 
and F{x, u,p, q) is a function defined on the set 

r := M" X K X M" X 

Here S" is the set of all symmetric n x n matrices, and F satisfies the following 
natural assumptions 

X\^f < F{x,u,p,q + - Fix,n.P,q) < M^f, 
\F{x,u,p,q) - F{x,u,pi,q)\ < K\p-pi\, 

-Ks < F{x,u + s,p,q) - F{x,u,p,q) < 0, F(a;, 0,0,0) = 0, 

for any {x,u,p,q) G F, s > 0, pi G M" and ^ G M". In particular, elliptic Bellman 
equations sup^{L^u} = (or e") belong to this class, where linear operators 

= a'^{x)D,j + b'p{x)D, - cp[x) 
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satisfy ([T]) and ([2]) with same constants A', A, A for all f3. Indeed, it suffices to notice 
that under the assumptions above for any two given functions u,v, we have 

F[u]-F[v] ^L"'^u-v), 

for some linear operator L"'^ — a^^ Dij + VDi — c satisfying assumptions ([T]) and ^ 
(see, for example. Lemma 1.1 in Safonov, 1988). In particular, by choosing u = 0, 
we get F[u\ = L^u for some linear operator L". 

4. Proof of Theorems 13.11 and 13.21 

Recall the notation d{x) := dist (a;, dO). The following theorem is the main tool 
of this article in obtaining the uniqueness results. 

Theorem 4.1. Assume f{t) — with p > 1, or f{t) — e*. Let [3 ~ 2p/(p— 1) if 
f{t) = t\ with p > I, and (3 ^ 2 if f{t) = e*. //ui,U2 are C^{n) (or Wf^'^in)) 
solutions of the problem ([3]), ([4]), both satisfying (i ~ 1,2) 

(6) Nid^f^ < f{ui) < N2d-'^ m Ap {x e fl : d{x) < p} 
for some constants Ni, N2, p > 0, then ui = U2 in fl. 

Proof. We first consider the case f{t) = t^ with p > 1. Set 7 = 2/(p — 1) so that 
P — ^p — J + 2. Let Ml, U2 be two different C^(il) (or W^^"{fl)) solutions of the 
problem ([3]), ([4]). By Lemma [2^ they must be different in Ap, and we may assume 
that 

(7) U2{xq)/ui{xq) > k for some xq e and k> ko > I. 
Note that 

L{u2 — kui) — f{u2) — kf{ui) > f{u2) — f{kui) > in f2' := {u2 > kui}. 

By Lemma [^751 applied to w —: U2 — kui, we have dfl' n dfl ^ 0. Therefore, xq can 
be chosen arbitrary close to 951, and we may assume that 

(8) Br{xQ) C Ap and K{2r + r^) < A, where r := d{xo)/2. 

The set Hq := {u2 — kui > 0} n -6^(2^0) ^ ^- In ^0, we have r < d{x) < 3r, and 

L(u2 - kui) =ul- ku\ > {kP - k)uP > {kP-^ ~ l)kuP > cakr-l^, 
where cq :— (fcg^^ — l)3~'^A^i > 0. On the other hand, the function 

(9) w{x) = cikr^^ [r"^ ~ \x ~ xq\^), where ci := co/(3nA), 
satisfies 

Lw > -cikr^^{2nA + 2Kr + Kr"^) > -cakr^^ in Br{xo) D Qq. 

Then the function wi := U2 — kui + w satisfies Lw > in fig, and by the maximum 
principle, it attains its maximum on ilp at some point xi G dfto. Note that xi 
cannot belong to Br{xQ), because on the set (dQo) ^ Br{xo), we must have U2 — 
kui, which in turn implies wi — w < w{xq) < wi(xo) < wi{xi). Therefore, 
xi G dBr(xQ), so that w{xi) — 0, and 

(10) {u2 — ku\)[x\) — wi{xi) > wi{xo) > w{xo) = cikr^^^^ — cikr^'^ . 
Since d{xi) > r, from ^ it follows 

fimixi)) = u{{xi) < N2d-'^{xi) < N2r-^ = N2r"'P . 
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This estimate together with ([9]), (|10|1 imphes 

U2{xi) > (1 + C2)ku{xi), where C2 := ci N^^'^ > 0. 

Again, replacing xi by another point near dfl if necessary, we may assume that 
d?]), dl]) hold with (1 + ci)k,xi,ri := d{xi)/2 in place of k,xo,r respectively. By 
iterating, we obtain a sequence {xj C Ap such that U2(a;j)/Mi(a;j) > (l+C2)-'fco, 

which tends to infinity. However, ^ implies U2/W1 < {N2/Ni)'^/p in Ap. This 
contradiction proves that ui = U2 in f2. 

Now we consider the case f{t) = e*. We proceed similarly as above. Let mi,M2 
be two different solutions of the problem ([3]) , ([3]) . We may assume that 

^2(2^0) ~ ui{xq) > k for some xq g Ap and fc > fco > 0. 

By Lemma |2 . 5 1 applied to w := U2 — ui — fc, we may also assume that xq is chosen 
such that (El) holds. Then 

L[u2 -ui-k)> e"^ - > [e'' ~ l)e"i > czkr'^ 

on the set f^o '■— {"2 — ui > fc} n Br{xo), where C3 :— Ni/9. On the other hand, 
the function 

w{x) :— C4fcr~^(r^ ~ \x — xo\^), where C4 := C3/(3nA) > 0, 

satisfies Lw > — cafcr"^ in ^Iq. Then the function wi := U2 — ui — k + w satisfies 
Lwi > in r^o, hence it attains its maximum on Qq at some point xi € 90o, which 
cannot belong to Br{xQ). Therefore, xi G dBr{xo), w{xi) — 0, and 

U2(x\) — ui{xi) — fc = w\{xi) > wi{xo) > w{xo) = c^k. 

As before, by iterating this process, we obtain a sequence {xj}^^^ C Ap such that 
U2{xj) — ui{xj) > (1 + 04)-' fco, which tends to infinity. However, ^ implies that 
U2 — ui < \n{N2/Ni) in Ap. Again, this contradiction leads to the conclusion that 
ui = U2 in fi. The theorem is proved. □ 

Remark 4.2. By easy modifications of the proof above, one can see that Theorem 
14.11 can be extended to any locally Lipschitz, increasing function /, which is equal 
to e* in {Ni,oo), or / which is equal to in {Ni, 00), for some A^i > 0, and satisfies 
the additional condition /(/it) > for any /i > 1 and t e K. 

We derive a lower and upper bounds in the following two lemmas. 

Lemma 4.3. Let f{t), (3, and Ap he as in Theorem \4-l\ If u is a C^(r2) (or 
^loci^)) solution oj the problem (jSj, then we have 

(11) 1/Ni< f{u) inn, f{u)<N2d-^ inl:\i:={xen: d{x) <l}. 

Here Ni,N2 are positive constants depending only on n,X,A,K, and p if f{t) = t^ 
with p > 1; Ni may also depend on diamfJ. 

Proof. First, we consider the case f{t) — t^ withp > 1. Without loss of generality, 
we assume that fl contains the origin. The lower bound follows from an observation 
that ee^^^ is a bounded subsolution if we first choose 77 sufficiently large, and then 
s > sufficiently small. It remains to get the upper bound. Fix xq G Ai and 
r < d{xo) < 1. Denote 

wo{x) iVo(l - Ixl'^y^, wix) ■■= r^'^woiix - xo)/r), 
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where 7 :~ 2/(|5—l) as before. Ifweset A^o := (27(n+27)A+27i4r)'^/^, then we have 
Lw < wP in Br{xo) for any eUiptic operator L whose coefficients satisfy ([I]), ([2]). By 
Lemnia [2.4[ u{x) < w{x) in Br{xa). In particular, we have u{xq) < w{xo) = Nor~^ . 
Therefore, we get the desired bound (fTTj) with N2 := Nq by letting r — > d{xo). 

The case f{t) = e* is treated similarly. Without loss of generality, we may 
assume that D, lies in the half-space {xi > 0}. Fix positive constants 771 and 772, 
such that 

Xr]l ~ Krii - K >1, 772 > sup e'^^''^ . 

n 

Then the function v := e^^'-^^ — 772 satisfies v <Q and 

Lv = (a"77^ + 6^771 - c)e''i^i + C772 > (A77^ - A'771 - K)e^^''^ > 1 > e" 

in r2. Hence u > u in fJ, and the lower bound follows. For the upper bound, we fix 
xo e Ai and set 

Wfi{x) :— \nN2 — 21n(l — 'w{x) := wi^){{x — xo)/r) — 21nr, 

where N2 '■— 4:n{K + K). Then Lw < e"' in Br{xo). Again, Lemma [23] implies that 
u{xo) < w{xq) = ln{N2/r^). By letting r d{xo), we obtain the bound pT|) . The 
lemma is proved. □ 

Remark 4.4. In the previous lemma, the assumption ([4]) was used only for the proof 
of the lower bound in (fTTj) . Note that the upper bound 

(12) fiuix)) < N2d-^{x) yxen 

is valid for any C^{fl) (or W^^^{fl)) solution u of ([3]). 

Lemma 4.5. Let be a bounded domain satisfying the uniform exterior ball condi- 
tion with constants ri and Si (see Definition \2.1\) . Assume f(t) = t^, where p > 1, 
and set l3 := 2p/{p— 1). IfuisaC'^{Q) (or Wf^^ {Q)) solution of the problem 
then 

(13) f{u) > Nd-f^ in Ap := {x e : d{x) < p}, 

where p := min(ri, 1/2), and N > is a constant depending only on n, A, A, K,p, Si, 
and ri . 

Proof. For a fixed point xq G Ap, choose zq G dfl such that jxo — zqI = ^0 •= d{xo), 
and then yo such that Bs^raiuo) C Brg{zo) \ ^■ 

Set S := 5i/2 and r := 2ro. Observe that if ?Ti = m{K, n, S) is sufficiently large, 
then voit) := (1 — t)™ satisfies 

Hit) + „^(t) + Kv',{t) - Kvoit) > vP{t), yt e {S, 1), 



(14) 



v'o{t)<o, ytG{s,i), 

L7;o(l)=0, vo{t)>0 Vte[S,l). 



Note that Sr = Siro < r = 2ro < 2p < 1. Using Lemma [2.61 it is easy to check 
that the function v{x) := r~'^vo{\x — yo\ /r) with 7 := 2/(p — 1) satisfies Lv > 
in no Br{yo). Thus, by Lemma l2.41 since Ixq — yol < (2 — i5i)r'o = (l^*^)^: we have 

uixo) > vixo) > 2-^d-^xo) vo{l - 5) 

From here the desired lower bound follows with N := 2^''''°7;q(1 — S). The lemma is 
proved. □ 
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Now we are ready to prove Theorems 13.11 and 13.21 

Proof of Theorem I3.lt It follows readily from Theorem [131 Lemma l473l and 
Lemma 14.51 

Proof of Theorem 13. 2t Fix a constant D > diam(il). We may assume that 

n C {a; = (xi, . . . , x„) e M" : < a;i < £>}. 

Note that the fimction vq :— — 21nxi satisfies 

Lvq = 2aiix^^ - 2b^x^^ + 2clnxi > 2Xx^^ - 2Kx^^ - 2K\ \iixi\ 

for xi > 0. Choose constants S = S{X,K) e (0, 1) a.nd N = N{X, K, D) > K \ \nX\, 
such that 

Lvq > Xxi^ for < xi < S, 

- c In A + Lvo > Xx^^ for S < xi < D. 

As in the proof of Lemma take a function v :~ e^^^^ ~ 772 satisfying 

v<0, Lv>l for 0<xi < D. 

Then the function w Nv + In A + vq satisfies 

Lw>N-cliiX + Lvo > Axj;^ = e'" •^+"° > e"" for Q<xi<D. 

By Lemma 12.41 we must have 

u>w, e" > > Xe-^'^^x^^ in Vl. 

Finally, note that the conditions ([1]), ([2]) on the coefhcients of L are invariant 
with respect to parallel translations and rotations in M". Therefore, for any fixed 
X = (xi, . . . , Xn) S fi, we can always assume that 2:2 = • • • = a;„ = 0, and a;i > 
can be made arbitraryly close to d[x) — dist (a;, d^l). This means that we have the 
lower bound 

e" > Ae-^''^d-2 Nid-'^ in VL. 

This estimate, together with Theorem 14.11 and the upper bound in Lemma 14.31 
yields the uniqueness. 

5. Proof of Theorems 13.41 and 13.51 

In this section, we prove the uniqueness of a solution of the problem ^ , (jH) with 
f{t) = ^4., in more general domains. 

Proof of Theorem 13.41 Assume that u is a C^in) (or Wf„"(0)) solution of 
the problem ([3]), ([3]), and set 

7 2/{p - 1), 70 7((7 + 1)A + (1 - n)A). 
Note that the assumption p g (1,1 + ^(„^i)_i ) implies 70 > 0. Let £ (0,1) 
be such that 2{KrQ + K'jro) < 70. Fix a;o G and choose zo £ dil. such 

that |a;o — zol — r := d{xQ). From dfl = dfl it follows that there exists a point 
Ho G Br/2{zo) \ il. Using Lemma \2M it is easy to check that the function 

v{x) := co\x - yo\~'^ ~ co{2ry^ , where co := (70/2)'^/^, 

satisfies Lv > in ^ID B2r{yo)- Moreover, v G C^(17), v < +00 on (951) n i?2r(yo), 
and w = on n dB2r{yo)- Therefore, by Lemma [2.41 u{x) > v{x) in H.. In 
particular, we have 

u{xo) > v{xo) > cid^'^{xo), where ci := (1.5^^ — 2^''')co. 
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Also, by Lemma 14.31 u{xo) < C2d '^(xq) in Ai, for some C2 > depending only on 
71, A, A, K , and p. Since xq € is arbitrary, we have proved that 

cidr^ < u < C2d in 

Now the desired statement follows from Theorem 14. II 

Proof of Theorem 13 .51 We prove part ii) first. Let {f^m}m=i be an exhausting 
sequence of smooth subdomains of SI; i.e., Sim ^ ^m+i <s ^ and IJm=i ^"i = ^■ 
Let Um be the unique boundary blow-up solution of Lu — vFj^ in Sl^ for each 
TO > 1. (For existence of such solutions Um, see, e.g. Keller, 1957; uniqueness is a 
consequence of Theorem IS.lO By Lemma YIM {Mm}m=i is a decreasing sequence, 
and by Lemma [4.31 it is bounded below by some constant 1/iVi > 0. Hence, the 
limit function u exists in S7 and by the standard elliptic theory, it is a solution of 
Lu = in r2. 

We claim that u is indeed a boundary blow-up solution. In order to prove this, 
it suffices to show that for any yo G ^fi, 

(15) Ur,i{x) > No\x - in ri,„ n 5^0(2/0), 

where 7 = 2/(p — 1) as before, and Nq, rg are positive constants independent of to. 

We first do a linear transformation to make ?/o = 0, a^^ (yo) — J'-' , and still use the 
same notations for simplicity. Due to the scales in these two coordinate systems 
are comparable. Therefore, we only need to verify (jlSp in the new coordinates. Set 

vo{x) = Cp\x\~'^ , where Cp := {7(7 + 2 - n)/2}''/^. 

Since a*^ are uniformly continuous, one can choose ri > sufficiently small, such 
that in n ^^^(O), 

Lvoix) = Cp {A{\x\-') + {a'^ix) - a'^ {0))D,,{\x\-'') 

+ bw,{\xr-')~c\x\-''} 

> Cp {7(7 + 2 - n) - Kjri - Krf + N{n,p) w(ri)} 

> (cp/2)7(7 + 2-n)N-^-2=i;P(x), 

where Lo{ri) = maxij{oscQnBri(o) a'"'}- Then the function v{x) := Cp|a;|~''' — Cpr^^ 
satisfies Lv > in S7m H i3ri(0), and v{x) = on dBr^{0). Therefore, by 
Lemma [2.41 we have Um{x) > v{x) in r2,„ n i3ri(0), and the desired estimate ([15]) 
follows with Nq Cp(l — 2^'') and tq :— ri/2 . 

For the proof of i), due to Theorem 14. 11 it suffices to get the estimate 

Nid-'< <u< N2d~^ 

in a neighborhood of d^. Arguing as in the proof of Theorem l3.41 this estimate can 
be proved by using the barrier function v{x) constructed in the proof of ii). The 
details are left to the reader. 

Acknowledgements The authors are thankful to Laurent Veron for very useful 
discussion. 
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